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Abstract
An analogue over imaginary quadratic fields of a result in algebraic number theory known as Ihara’s
lemma is established. More precisely, we show that for a prime ideal p of the ring of integers of an imagi-
nary quadratic field F , the kernel of the sum of the two standard p-degeneracy maps between the cuspidal
sheaf cohomology H 1! (Y0, M˜0)2 → H 1! (Y1, M˜1) is Eisenstein. Here Y0 and Y1 are analogues over F of
the modular curves Y0(N) and Y0(Np), respectively. To prove our theorem we use the method of modu-
lar symbols and the congruence subgroup property for the group SL2(Z[1/p]) which is due to Mennicke
[J. Mennicke, On Ihara’s modular group, Invent. Math. 4 (1967) 202–228] and Serre [J.-P. Serre, Le prob-
lème des groupes de congruence pour SL2, Ann. of Math. (2) 92 (1970) 489–527].
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
Ihara’s lemma in the version stated in [9] asserts that the kernel of the map α : J0(N)2 →
J0(Np) is Eisenstein if (N,p) = 1. Here J0(N ′) denotes the Jacobian of the compactification of
Γ0(N ′) \ H, and α is the sum of the two standard p-degeneracy maps from J0(N) to J0(Np).
The original proof of the result is due to Ihara [6] and uses algebraic geometry. In [9] Ribet
gave a different proof without appealing to algebro-geometric methods. The result was later
improved upon by Khare [7] to dispose of the condition that N be coprime to p. Khare also
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[7, Remark 4]). We will use his approach to generalize the result to imaginary quadratic fields,
where algebro-geometric techniques are not available.
Let F denote an imaginary quadratic extension of Q and OF its ring of integers. The
reason why over F the algebro-geometric machinery is not available is the fact that the sym-
metric space on which automorphic forms are defined is the hyperbolic-3-space, the product
of C and R+, and the analogues Yn of the modular curves Y0(Npn) are not algebraic va-
rieties (cf. Section 2). However, [7] uses only group cohomology and his method may be
adapted to the situation over an imaginary quadratic field. In this setting the Jacobians are re-
placed with certain sheaf cohomology groups H 1! (Yn, M˜n), where M˜n are sheaves of sections
of the topological covering GL2(F ) \ (V × M) → Yn with M a torsion Z[GL2(F )]-module
and V = GL2(AF )/Kn · U2(C) · C× for Kn a compact subgroup, which is an analogue of
Γ0(Npn). For a prime ideal p ⊂ OF we have two standard p-degeneracy maps whose sum
H 1! (Y0, M˜0)
2 → H 1! (Y1, M˜1) we will call α. (For precise definitions see Section 2.) The main
result of this note (Theorem 2) then asserts that the kernel of α is Eisenstein (for definition of
“Eisenstein” see Section 3).
The principal interest in such a result is for the groups H 1! and H
2
! . It stems from the Eichler–
Shimura–Harder isomorphism (see [3, Section 3.6] or [13, Theorem 3.2]), which relates the
two cohomology groups (with C-coefficients) to the space of weight 2 automorphic forms on
GL2(AF ). This is analogous to the Eichler–Shimura isomorphism for modular forms over Q. In
fact, the Eichler–Shimura isomorphism and the self-duality of H 1! in the Q-case (cf. [4, Theo-
rem 3.2]) were used by Ribet in [9] to prove the existence of congruences between modular forms
of level N and those of level Np. His result, valid for forms of weight 2, was later generalized
to arbitrary weight by Diamond [2]. Unfortunately, in our situation (i.e., over F ) H 1! is not self-
dual; in fact it is dual to H 2! (cf. [13, Section 2.5]), but the method of modular symbols which we
use only allows us to prove the result for the group H 1! . Therefore, it does not seem possible to
adapt the approach of Ribet and Diamond to produce congruences between automorphic forms
on GL2(AF ).
Ihara’s lemma was also used in the proof of modularity of Galois representations attached to
elliptic curves over Q [14,1]. Thanks to the work of Taylor [12] one can attach Galois represen-
tations to a certain class of automorphic forms on ResF/Q(GL2/F ). One could hope that Ihara’s
lemma in our formulation could be useful in proving the converse to Taylor’s theorem, i.e., that
ordinary Galois representations of Gal(F/F ) (satisfying appropriate conditions) arise from au-
tomorphic forms, but at this moment this is a mere speculation as too many other important
ingredients of a potential proof seem to be missing.
2. Preliminaries
Let F be an imaginary quadratic extension of Q and denote by OF its ring of integers. Let
N be an ideal of OF such that the Z-ideal N ∩ Z has a generator greater than 3. Let p be a
prime ideal such that p  N. Denote by ClF the class group of F and choose representatives of
distinct ideal classes to be prime ideals pi , i = 1, . . . ,# ClF , relatively prime to both N and p.
This is possible by the Chebotarev Density Theorem. Let π (resp. πi ) be a uniformizer of the
completion Fp (resp. Fpi ) of F at the prime p (resp. pi ), and put π˜ (resp. π˜i ) to be the idele
(. . . ,1,π,1, . . .) ∈ A×F (resp. (. . . ,1,πi,1, . . .) ∈ A×F ), where π (resp. πi ) occurs at the pth place
(resp. pi th place).
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Kn :=
{[
a b
c d
]
∈
∏
q∞
GL2(OF,q)
∣∣∣ c ∈ ∏
q∞
NpnOF,q
}
.
Here AF,f denotes the finite adeles of F and OF,q the ring of integers of Fq. For n 0 we also
set Kpn =
[
π˜
1
]
Kn
[
π˜
1
]−1
.
For any compact open subgroup K of GL2(AF,f ) we put
YK = GL2(F ) \ GL2(AF )/K ·U2(C) ·Z∞,
where Z∞ = C× is the center of GL2(C) and U(2) := {M ∈ GL2(C) | MMt = I2} (here
‘bar’ denotes complex conjugation and I2 stands for the 2 × 2-identity matrix). If detK =∏
q primes of F O×F,q (which will be the case for all compact open subgroups we will consider)
this space is a disjoint union of # ClF connected components YK =∐# ClFi=1 (ΓK)i \ Z , where
Z = GL2(C)/U2(C)C× and (ΓK)i = GL2(F ) ∩
[
π˜i
1
]
K
[
π˜i
1
]−1
. Note that Z has real di-
mension equal to 3. To ease notation we put Yn := YKn , Y pn := YKpn , Γn,i := (ΓKn)i and
Γ
p
n,i := (ΓKpn )i .
We have the following diagram:
. . .
⊂
Kn+1
⊂
	
Kn
⊂
	
Kn−1
⊂
	
. . .
. . .
⊂
K
p
n+1
⊂
⊂
K
p
n
⊂
⊂
K
p
n−1
⊂
. . .
(1)
where the horizontal and diagonal arrows are inclusions and the vertical arrows are conjugation
by
[
π˜
1
]
. Diagram (1) is not commutative, but it is “vertically commutative,” by which we mean
that given two objects in the diagram, two directed paths between those two objects define the
same map if and only if the two paths contain the same number of vertical arrows.
Diagram (1) induces the following vertically commutative diagram of the corresponding sym-
metric spaces:
. . . Yn+1
	
Yn
	
Yn−1
	
. . .
. . . Y
p
n+1 Y
p
n Y
p
n−1 . . .
(2)
The horizontal and diagonal arrows in diagram (2) are the natural projections and the vertical
arrows are maps given by (g∞, gf ) 
→ (g∞, gf
[
π˜
1
]−1
).
Let M be a torsion abelian group of exponent relatively prime to #O×F endowed with a
GL2(F )-action. Denote by M˜K the sheaf of continuous sections of the topological cover-
ing GL2(F ) \ [(GL2(AF )/K · U2(C) · Z∞) × M] → YK , where GL2(F ) acts diagonally on
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only be concerned with the case when M is a trivial GL2(F )-module, we assume it from now
on. This means that M˜K is a constant sheaf. As above, we put M˜n := M˜Kn and M˜pn := M˜Kpn .
Given a surjective map φ : YK → YK ′ , we get an isomorphism of sheaves φ−1M˜K ′ ∼−→ M˜K ,
which yields a map on cohomology
Hq(YK ′ , M˜K ′) → Hq
(
YK,φ
−1M˜K ′
)∼= Hq(YK, M˜K).
Hence diagram (2) gives rise to a vertically commutative diagram of cohomology groups:
. . . Hq(Yn+1, M˜n+1) Hq(Yn, M˜n)
α
n,n+1
1
α
n,(n+1)p
1
Hq(Yn−1, M˜n−1)
α
n−1,n
1
α
n−1,np
1
. . .
. . . Hq(Y
p
n+1, M˜
p
n+1)
	αn+1p
Hq(Y
p
n , M˜
p
n )
α
np,(n+1)p
1
	αnp
Hq(Y
p
n−1, M˜
p
n−1)
α
(n−1)p,np
1
	αn−1p
. . .
(3)
These sheaf cohomology groups can be related to the group cohomology of Γn,i and Γ pn,i with
coefficients in M . In fact, for each compact open subgroup K with corresponding decomposition
YK =∐# ClFi=1 (ΓK)i \ Z , we have the following commutative diagram in which the horizontal
maps are inclusions:
H
q
! (YK, M˜K) Hq(YK, M˜K)
⊕# ClF
i=1 H
q
P ((ΓK)i,M)
⊕# ClF
i=1 Hq((ΓK)i,M)
(4)
Here Hq! (YK, M˜K) denotes the image of the cohomology with compact support H
q
c (YK, M˜K)
inside Hq(YK, M˜K) and HqP denotes the parabolic cohomology, i.e., H
q
P ((ΓK)i,M) :=
ker(Hq((ΓK)i,M) → ⊕B Hq((ΓK)i,B,M)), where the direct sum ⊕B is over a fixed set
of representatives of (ΓK)i -conjugacy classes of Borel subgroups of GL2(F ) and (ΓK)i,B :=
(ΓK)i ∩ B . The vertical arrows in diagram (4) are isomorphisms provided that there exists a
torsion-free normal subgroup of (ΓK)i of finite index relatively prime to the exponent of M . If
K = Kn or K = Kpn , n 0, this condition is satisfied because of our assumption that N∩Z has a
generator greater than 3 and the exponent of M is relatively prime to #O×F (cf. [13, Section 2.3]).
In what follows we may therefore identify the sheaf cohomology with the group cohomology.
Note that all maps in diagram (3) preserve parabolic cohomology. The maps α∗,∗1 are the nat-
ural restriction maps on group cohomology, so in particular they preserve the decomposition⊕# ClF
i=1 Hq((ΓK)i,M).
Using the identifications of diagram (4) we can prove the following result which will be useful
later:
Lemma 1. The map α0,1 : H 1(Y0, M˜0) → H 1(Y1, M˜1) is injective.1 ! !
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the restriction maps resi : H 1(Γ0,i ,M) → H 1(Γ1,i ,M) are injective. Since M is a trivial Γ0,i -
module, the cohomology groups are just Homs, so it is enough to show the following statement:
if G denotes the smallest normal subgroup of Γ0,i containing Γ1,i , then G = Γ0,i . For this we
use the decomposition
Γ0,i =
∐
k∈R(OF /p)
k∈N
Γ1,i
[
1
k 1
]
unionsq Γ1,i
[
A B
C D
]
,
where the matrix
[
A B
C D
]
is chosen so that C and D are relatively prime elements of OF with
C ∈ N, D ∈ p, and A ∈ OF , B ∈ pi satisfy AD − BC = 1. Here R(OF /p) denotes a set of
representatives in OF of the distinct residue classes of OF /p. Let
[
a b
c d
] ∈ Γ1,i with d ∈ p. Then
for any k ∈ Np−1i OF we have
[
a b
c d
]−1[1 + bdk −b2k
d2k 1 − bdk
][
a b
c d
]
=
[
1
k 1
]
and the matrix
[ 1+bdk −b2k
d2k 1−bdk
] ∈ Γi,1, hence G contains ∐ k∈R(OF /p)
k∈N
Γ1,i
[ 1
k 1
]
, and thus
G = Γi,0. 
We can augment diagram (1) on the right by introducing one more group:
K−1 :=
{[
a b
c d
]
∈ GL2(Fp)×
∏
qp∞
GL2(OF,q)
∣∣∣ c ∈ Fp × ∏
qp∞
NOF,q,
ad − bc ∈
∏
q∞
O×F,q
}
. (5)
The group K−1 is not compact, but we can still define
Γ−1,i := GL2(F )∩
[
π˜i
1
]
K−1
[
π˜i
1
]−1
for i = 1, . . . ,# ClF . Note that the groups Γ−1,i are not discrete, so we cannot define Y−1
analogous to Yn for n  0. After identifying the sheaf cohomology groups H 1! (Y0, M˜0) and
H 1! (Y
p
0 , M˜
p
0 ) with the groups
⊕
i H
1
P (Γ0,i ,M) and
⊕
i H
1
P (Γ
p
0,i ,M), respectively, using dia-
gram (4), we can augment diagram (3) on the right in the following way
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q
! (Y1, M˜1) H
q
! (Y0, M˜0)
α
0,1
1
α
0,1p
1
H
q
! (Y−1, M˜−1)
α
−1,0
1
α
−1,0p
1
. . . H
q
! (Y
p
1 , M˜
p
1 )
	α1p
H
q
! (Y
p
0 , M˜
p
0 )
α
0p,1p
1
	α0p (6)
Here we put Hq! (Y−1, M˜−1) :=
⊕
i H
1
P (Γ−1,i ,M) and the maps α
−1,0
1 and α
−1,0p
1 are direct
sums of the restriction maps.
The sheaf and group cohomologies are in a natural way modules over the corresponding
Hecke algebras. (For the definition of the Hecke action on cohomology, see [13] or [5].) Here
we will only consider the subalgebra T of the full Hecke algebra which is generated over Z by
the double cosets Tp′ := K
[
π ′
1
]
K and Tp′,p′ := K
[
π ′
π ′
]
K for π ′ a uniformizer of Fp′ with p′
running over prime ideals of OF such that p′  Np. The algebra T acts on all the cohomology
groups in diagram (6). Moreover if p′ is principal, the induced action of Tp′ and Tp′,p′ on the
group cohomology respects the decomposition
⊕
i H
q∗ ((ΓK)i,M), where ∗ = ∅ or P .
3. Main result
We will say that a maximal ideal n of the Hecke algebra T is Eisenstein if Tl ≡ N l+1 (mod n)
for all prime ideals l of OF which are trivial as elements of the ray class group of conductor N.
Such ideals l are principal and have a generator l with l ≡ 1 (mod N). Here N l denotes the ideal
norm.
From now on we fix a non-Eisenstein maximal ideal m of the Hecke algebra T. Our main
result is the following theorem.
Theorem 2. Consider the map H 1! (Y0, M˜0)
2 α−→ H 1! (Y1, M˜1) defined as α : (f, g) 
→ α0,11 f +
α1pα
0,1p
1 g. The localization αm of α is injective.
We prove Theorem 2 in two steps. Define a map β : H 1! (Y−1, M˜−1) → H 1! (Y0, M˜0)2 by g′ 
→
(−α0pα−1,0p1 g′, α−1,01 g′) and note that αβ = 0 by the vertical commutativity of diagram (6), i.e.,
kerα ⊃ β(H 1! (Y−1, M˜−1)). We first prove
Proposition 3. kerα = β(H 1! (Y−1, M˜−1)).
Then we show
Proposition 4. H 1! (Y−1, M˜−1)m = 0.
Propositions 3 and 4 imply Theorem 2.
The idea of the proof is due to Khare [7] and uses modular symbols, which we now define.
Let D denote the free abelian group on the set B of all Borel subgroups of GL2(F ). The action
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identify B with P1(F ) = { a
c
| a ∈OF , c ∈OF \ {0}} ∪ {∞}, on which GL2(F ) acts by the linear
fractional transformations. Let D0 := {∑niBi ∈ D | ni ∈ Z, Bi ∈ B, ∑ni = 0} be the subset of
elements of degree zero. If YK =∐i Γi \Z , then for each Γi the exact sequence
0 → HomZ(Z,M) → HomZ(D,M) → HomZ(D0,M) → 0
gives rise to an exact sequence
0 → M → HomZ[Γi ](D,M) → HomZ[Γi ](D0,M) → H 1(Γi,M)
→ H 1(Γi,HomZ(D,M)). (7)
The group HomZ[Γi ](D0,M) is called the group of modular symbols.
Lemma 5. Let Γ be a group acting on the set B of Borel subgroups of GL2(F ) and let C denote
a set representatives for the Γ -orbits of B. Then for any trivial Γ -module W ,
H 1
(
Γ,HomZ(D,W)
)=⊕
c∈C
H 1(Γc,W),
where Γc is the stabilizer of c in Γ .
Proof. The Γ -module structure on HomZ(D,W) is defined via φγ (x) = φ(γ−1x) and on⊕
c∈C IndΓΓc W via
(fc1 , . . . , fcn)
γ (γc1 , . . . , γcn) = (fc1, . . . , fcn)(γc1γ, . . . , γcnγ ).
Note that we have a Γ -module isomorphism Φ : HomZ(D,W) ∼−→⊕c∈C IndΓΓc W , given by
Φ(φ)c(γ ) = φ(γ−1c). Thus
H 1
(
Γ,HomZ(D,W)
) H 1
(
Γ,
⊕
c∈C
IndΓΓc W
)

⊕
c∈C
H 1
(
Γ, IndΓΓc W
)
since the action of Γ stabilizes IndΓΓc W for every c ∈ C. The last group is in turn isomorphic to⊕
c∈C H 1(Γc,W) by Shapiro’s Lemma. 
By taking the direct sum of the exact sequences (7) and using Lemma 5, we obtain the exact
sequence
0 →
⊕
i
M →
⊕
i
HomZ[Γi ](D,M) →
⊕
i
HomZ[Γi ](D0,M) →
⊕
i
H 1P (Γi,M) → 0, (8)
where the last group is isomorphic to H 1(YK, M˜K).!
2258 K. Klosin / Journal of Number Theory 128 (2008) 2251–2262Remark 6. The space of modular symbols
⊕
i HomZ[Γi ](D0,M) is also a Hecke module in
a natural way. In fact it can be shown (at least if N is square-free) that the localized map
(
⊕
i HomZ[Γi ](D,M))m → (
⊕
i HomZ[Γi ](D0,M))m is an isomorphism, but we will not need
this fact.
4. Proof of Proposition 3
Suppose (f, g) ∈ kerα, i.e., α0,11 f = −α1pα0,1p1 g. Let h1 = −g ∈ H 1(Y0, M˜0) and h2 ∈
H 1(Y p0 , M˜
p
0 ) be the pre-image of f under the isomorphism α
p
0 . Then α
0,1
1 α
0
ph2 = α1pα0,1p1 h1. By
the vertical commutativity of diagram (3), we have α0,11 α0p = α1pα0p,1p1 , whence α1pα0p,1p1 h2 =
α1pα
0,1p
1 h1. Since α
1
p is an isomorphism, we get α
0p,1p
1 h2 = α0,1p1 h1 ∈ H 1(Y p1 , M˜p1 ).
For K ⊂ K ′ two compact open subgroups of GL2(AF,f ) for which YK =∐# ClFi=1 Γi \Z and
YK ′ =∐# ClFi=1 Γ ′i \Z with Γi ⊂ Γ ′i , we have a commutative diagram
HomZ[Γi ](D0,M)
φΓi
H 1P (Γi,M)
HomZ[Γ ′i ](D0,M)
φΓ ′
i
inclusion
H 1P (Γ
′
i ,M)
res (9)
where the maps φΓi and φΓ ′i denote the appropriate connecting homomorphisms from exact
sequence (8). So far we have shown that
−α0,1p1 g = α0,1p1 h1 = α0p,1p1 h2. (10)
We identify g with a tuple (gi)i ∈⊕i H 1P (Γ0,i ,M) and define (h1)i ∈ H 1P (Γ0,i ,M) and (h2)i ∈
H 1P (Γ
p
0,i ,M) similarly. Equality (10) translates to
−gi |Γ p1,i = (h1)i |Γ p1,i = (h2)i |Γ p1,i . (11)
Fix gmod,i ∈ φ−1
Γ
p
1,i
(g) and regard it as an element of HomZ(D0,M) invariant under Γ0,i . Us-
ing diagram (9) with Γi = Γ p1,i and Γ ′i = Γ p0,i and equality (11) we conclude that there exists
(h2)mod,i ∈ φ−1
Γ
p
0,i
((h2)i) such that (h2)mod,i = −gmod,i regarded as elements of HomZ(D0,M).
Hence gmod,i is invariant under both Γ0,i and Γ p0,i .
Lemma 7. For i = 1, . . . ,# ClF the groups Γ0,i and Γ p0,i generate Γ−1,i .
This lemma follows from a theorem of Serre, which we now state in a special case applicable
to our situation (for a general statement see [11, Section 1.4]). Let E denote a number field with
ring of integers OE and fix q a prime ideal of OE . Let L1 ⊂ L2 denote two lattices in E2 such
that L1/L2 ∼= OE/q. Let G be a subgroup of GL2(E) such that valq(detg) = 0 for all g ∈ G,
where valq denotes the q-adic valuation on E. Write Gi for the stabilizer of Li in G for i = 1,2.
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contains SL2(E). Then G is the sum of the subgroups G1 and G2 amalgamated along their
intersection G1 ∩G2.
Proof of Lemma 7. We apply Theorem 8 with E = F , q = p and G = Γ−1,i . Note that the
hypothesis of the theorem is satisfied as p is prime to both N and pi . We conclude that Γ−1,i is
the sum of Γ0,i and Γ p0,i amalgamated along Γ0,i ∩ Γ p0,i . The lemma follows. 
Using Lemma 7 we conclude that gmod,i ∈ HomZ[Γ−1,i ](D0,M). Put g′i = φΓ−1,i (gmod,i ).
Again, by the commutativity of diagram (9) with Γ ′i = Γ−1,i and Γi = Γ0,i we have g′i |Γ0,i = gi .
Hence g′ := (g′i )i ∈
⊕
i H
1
P (Γ−1,i ,M) ∼= H 1! (Y−1, M˜−1) satisfies g = α−1,01 g′.
Thus 0 = α0,11 f + α1pα0,1p1 g = α0,11 f + α1pα0,1p1 α−1,01 g′. By the vertical commutativity
of diagram (6) we have α1pα0,1p1 α−1,01 = α0,11 α0pα−1,0p1 , so 0 = α0,11 f + α0,11 α0pα−1,0p1 g′.
Since α0,11 is injective by Lemma 1, this implies that f = −α0pα−1,0p1 g′. Hence (f, g) =
(−α0pα−1,0p1 g′, α−1,01 g′) ∈ β(H 1! (Y−1, M˜−1)), completing the proof of Proposition 3.
5. Proof of Proposition 4
In this section we prove that for a principal ideal l = (l) ⊂ OF such that l ≡ 1 (mod N)
we have Tlf = (N l + 1)f on elements f ∈ H 1! (Y−1, M˜−1) ∼=
⊕
i H
1
P (Γ−1,i ,M). For such an
ideal l, the operators Tl preserve each direct summand H 1P (Γ−1,i ,M). The restriction of Tl to
H 1P (Γ−1,i ,M) is given by the usual action of the double coset Γ−1,i
[ 1
l
]
Γ−1,i on group coho-
mology (see, e.g., [5]). For k, l ∈OF we put σk,l :=
[ 1 k
l
]
, σl :=
[
l
1
]
. To describe the action of
Tl explicitly we use the following lemma.
Lemma 9. Let l = (l) be a principal ideal of OF and n−1. Then
Γn,i
[
1
l
]
Γn,i =
∐
k∈R(OF /l)
k∈pi
Γn,iσk,l unionsq Γn,iσl,
where R(OF /l) denotes a set of representatives of OF /l in OF .
Proof. This is easy. 
Lemma 10. Let n 3 be an odd integer. Every ideal class c of F contains infinitely many prime
ideals q such that (Nq − 1, n) = 1.
Proof. We assume F ∩ Q(ζn) = Q, the other case being easier. Let G = Gal(F/Q), N =
Gal(Q(ζn)/Q) and C = Gal(H/F) ∼= ClF , where H denotes the Hilbert class field of F . We
have the following diagram of fields
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Fn = FQ(ζn)
G
N
H
C
Q(ζn)
N
F
G
Q
(12)
Choose (σ, τ ) ∈ Gal(FnH/H)× Gal(FnH/Fn) ∼= N ×C, such that
σ ∈ Gal(FnH/H) ∼= (Z/nZ)×
corresponds to an element σ˜ ∈ (Z/nZ)× with σ˜ ≡ 1 modulo any of the divisors of n, and τ ∈
Gal(FnH/Fn) ∼= C ∼= ClF corresponds to the ideal class c. By the Chebotarev density theorem
there exist infinitely many primes Q of the ring of integers of FnH such that FrobQ = (σ, τ ).
Then the infinite set of primes q of OF lying under such Q satisfy the condition of the lemma,
i.e., q ∈ c and (Nq − 1, n) = 1. 
By Lemma 10 we may assume that the ideals pi were chosen so that Npi − 1 is relatively
prime to the exponent of M for all i = 1, . . . ,# ClF .
Proof of Proposition 4. Let O(p) denote the ring of p-integers in F , i.e., the elements of F ,
whose q-adic valuation is non-negative for every prime q = p. Let f ∈ H 1P (Γ−1,i ,M) and let
l = (l) be a principal ideal of O(p) with l ≡ 1 (mod N). We will prove that fl := Tlf − (N l +
1)f = 0. By the definition of parabolic cohomology, we have fl(Γ−1,i ∩ B) = 0 for all B ∈ B.
Moreover, as the exponent of M is relatively prime to #O×F , it is enough to prove that fl(Γ˜i) = 0,
where Γ˜i := Γ−1,i ∩ SL2(F ). Put
SL2(O(p))i :=
{[
a b
c d
]
∈ SL2(F )
∣∣∣ a, d ∈O(p), b ∈ piO(p), c ∈ p−1i O(p)
}
.
We first show that fl = 0 on the ith principal congruence subgroup
ΓN,i :=
{[
a b
c d
]
∈ SL2(O(p))i
∣∣∣ b, c ∈ NO(p), a ≡ d ≡ 1 mod NO(p)
}
.
If x ∈ NpiO(p), and g ∈ SL2(O(p)), then g
[ 1 x
1
]
g−1 ∈ SL2(O(p))∩Γ−1,i and fl(g
[ 1 x
1
]
g−1) = 0
by the definition of parabolic cohomology. So fl = 0 on the smallest normal subgroup H of
SL2(O(p)) containing matrices of the form
[ 1 x
1
]
with x ∈ NpiO(p).
We now recall a theorem which is due to Mennicke and Serre. Let E be a global field and
S a finite set of places of E containing the archimedean ones. Let AS be the ring of S-integers
of E, i.e., the subset of E consisting of the elements with non-negative valuation at every place
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containing matrices of the form
[ 1 x
1
]
with x ∈ q and let
Γq := ker
(
SL2(AS) → SL2(AS/q)
)
.
Write Cq = Γq/Uq. The following result was proved by Mennicke [8] in the case F = Q,
S = {∞,p} and by Serre [10] in the general case.
Theorem 11. (See Serre [10, Theoreme 2(b), p. 498].) Assume Card(S) 2. Then the group Cq
is a finite cyclic group of order dividing wE , where wE is the number of roots of unity contained
in E. Moreover, Cq = {1} if not all places in S are archimedean and complex.
We apply Theorem 11 with E = F , S = {∞,p}, AS = O(p), q = NpiO(p) to conclude that
H = ΓNpiO(p) and hence that fl = 0 on ΓNpiO(p) . Put
Γ ′Npi :=
{[
a b
c d
]
∈ SL2(O(p))i
∣∣∣ b, c ∈ NpiO(p)
}
.
Since ΓNpiO(p) is a normal subgroup of Γ ′Npi of index Npi − 1 we have fl(Γ ′Npi ) = 0 by
Lemma 10 and our choice of pi . On one hand fl is zero on the elements of the form
[ 1
c 1
]
,
c ∈ Np−1i O(p) (again by the definition of parabolic cohomology), and on the other hand ele-
ments of this form together with Γ ′Npi generate ΓN,i , so fl(ΓN,i ) = 0, as asserted.
Thus fl descends to the quotient Γ˜i/ΓN,i . However, on this quotient all σk,l and σl act as the
identity, since l ≡ 1 (mod N) and we can always choose k ∈ Npi . Thus fl = 0. 
Remark 12. Note that the above proof shows that any f ∈ H 1P (Γ−1,i ,M) restricted to Γ˜i de-
scends to the quotient Γ˜i/ΓN,i . Let p be the residue characteristic of p and assume in addition
that p  #(OF /N)×. Then Γ˜i/ΓN,i has order prime to p. It follows that if M has exponent
a power of p, then H 1P (Γ−1,i ,M) = 0 and the map α in Theorem 2 is injective (even without
localizing). We are grateful to the anonymous referee for pointing this out.
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